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A procedure for the stochastic characterization of the elastic moduli of plane irregular masonry structures is presented
in this paper. It works in the ﬁeld of the random composite materials by considering the masonry as a mixture of stones (or
bricks) and mortars. Once that the elastic properties of each constituent are known (deterministically or stochastically), the
deﬁnition of the overall masonry elastic properties requires the knowledge of the random ﬁeld describing the irregular
geometry distribution. This last one is obtained by a software, implemented ad hoc, that, starting from a colour digital
photo of the masonry and using the instruments of the digital image processing techniques, gives the random features
of this ﬁeld in both the space and frequency domain. The deﬁnition of the stochastic properties of masonry structures
may be very useful both for the application of the stochastic homogenization techniques and for the direct stochastic anal-
ysis of the structures.
 2007 Elsevier Ltd. All rights reserved.
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The study of masonry structures has attracted a considerable attention in the last years, especially in con-
nection with reconstruction and rehabilitation of historical structures. These structures are often characterized
by an irregular geometry of the masonry constituents (stones or bricks and mortars). The most used tech-
niques for analyzing the masonry structures are the homogenization ones. The application of these approaches
to masonry was proposed by many authors (see, for example, Pande et al. (1989), Maier et al. (1991), Pie-
truszczak and Niu (1992) and Anthoine (1995)). These approaches operate in the framework of micromechan-
ics theory allowing one to model a heterogeneous material as an equivalent homogeneous one. In the
framework of masonry structure, these techniques have been predominantly applied under the assumption
of periodic microstructure that implies equal dimension of all the stones and mortars.0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.06.030
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metrical distribution of the constituents may be very irregular. In these cases, an useful way to take into
account the irregular geometry of stones and mortars is through its stochastic characterization.
Recently, in the literature some works have been devoted to the Stochastic Homogenization that requires a
suitable deﬁnition of the masonry random properties. They applied to the masonry structure ﬁeld some sto-
chastic homogenization procedures related to the studies of composite random materials (see, for example,
Povirk, 1995). Among them, Sˇejnoha et al. (2004) showed a procedure based on the deﬁnition of a periodic
unit cell that possesses statistical properties similar to the original material and that can be therefore consid-
ered a reasonable approximation. Gusella and Cluni (2006) improved the classical test-window method for the
deﬁnition of the representative volume element (Baxter and Graham, 2000) by coupling a probabilistic con-
vergence criterion (requiring a statistical description of the microstructural heterogeneity) with the classical
mechanical convergence criterion. However the above cited works do not work in the random ﬁeld theory,
their goal being represented by the deﬁnition of the most representative volume element from a statistical
point of view.
If the mechanical properties are deﬁned through the random ﬁeld theory (Vanmarcke, 1988), some alter-
native techniques based on the Stochastic Mechanics and, in particular, on the Stochastic Finite Element
(Ghanem and Spanos, 1991) approaches could be applied. Even if these techniques have been applied in
the framework of the composite materials (see, for example, Kaminski and Hien (1999), Khoroshun (2000)
and references therein), no application is to the irregular masonry, at our knowledge.
In both the Stochastic Homogenization techniques and the Stochastic Mechanics approaches, the stochas-
tic representation of a masonry structure, for example in terms of the random ﬁelds describing its mechanical
properties, could be very useful.
In the present work a procedure able to give a suitable representation of the mechanical properties of irreg-
ular masonry through the theory of random ﬁelds is presented. This procedure starts from the analysis of an
image of the masonry structure that is digitally reduced to a binary image through the techniques of the Dig-
ital Image Processing (Serra, 1982). Then, the characteristics of the random geometry are evaluated in both the
space and frequency domain by the statistical descriptor approaches. Finally, by using the theory of composite
materials, the random ﬁelds describing the mechanical properties of the masonry are deﬁned by means of the
evaluation of its fundamental quantities (for example, the correlation functions). This is made both in the case
of deterministic values of the mechanical properties of each constituent and in the case of random mechanical
properties.
It is important to note that, even if most of the theoretical concepts here reported are not original in the
general ﬁeld of composite materials, their application to the irregular masonry is a novelty. Hence, they have
been here reported for those readers that are not familiar with them.2. Random ﬁelds of the masonry elastic moduli
In a 2D linear-elastic continuum, the plane-state constitutive equations are characterized by a stiﬀness
matrix having the form:Cðx; yÞ ¼
C11ðx; yÞ C12ðx; yÞ 0
C12ðx; yÞ C22ðx; yÞ 0
0 0 C33ðx; yÞ
0
B@
1
CA ð1ÞIn the ﬁeld of composite materials made by two components, the stiﬀness matrix of a 2D masonry can be ex-
pressed as:Cðx; yÞ ¼ vsðx; yÞCðsÞ þ ð1 vsðx; yÞÞCðmÞ ð2Þwhere C(s) and C(m) are the stiﬀness matrices of the stone and the mortar, respectively, while vs(x,y) is the so-
called characteristic function taking the values:
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1() ðx; yÞ 2 stone=brick
0() ðx; yÞ 2 mortar

ð3ÞIn an irregular masonry the characteristic function cannot be deﬁned deterministically: it has to be statistically
deﬁned through the knowledge of the so-called n-point correlation functions in the space domain, or through
the Fourier spectra in the frequency domain. In particular, the n-point correlation functions give a measure of
the probability of ﬁnding n points all lying in the region of the domain occupied by one of two constituent
materials. For example, the one-point and two-point correlation functions are deﬁned as follows:Sð1Þs ðx; yÞ ¼ P ðvsðx; yÞ ¼ 1Þ ð4Þ
Sð2Þs ðx1; y1Þ; ðx2; y2Þ½  ¼ P ðvsðx1; y1Þvsðx2; y2Þ ¼ 1Þ ð5ÞP(Æ) being the probability of (Æ). If the ergodicity assumption is made, the function vs(x,y) can be considered as
a random ﬁeld whose statistical moments coincide with the corresponding n-point correlation functions that
are:E vsðx1; y1Þvsðx2; y2Þ    vsðxn; ynÞ½   SðnÞs ðx1; y1Þ; ðx2; y2Þ;    ; ðxn; ynÞ½  8n ð6Þ
E [Æ] being the stochastic mean of (Æ). If the masonry under consideration has such characteristics that it can be
considered as a statistically homogeneous ﬁeld, then the nth order moments of vs(x,y) do not depend on the
position of the n points (xi,yi) (with i = 1,2, . . . ,n), but on the (n  1) relative positions (xi  x1,yi  y1) (with
i = 2,3, . . . ,n). This implies, for example, that the mean E[vs(x,y)] is constant for any point (x,y), while for the
second order moment we can write:E vsðx1; y1Þvsðx2; y2Þ½   Sð2Þs ðx2  x1; y2  y1Þ½  ð7Þ
Moreover it is not diﬃcult to verify that the nth moments at a single point have the following form:E vns ðx; yÞ
  ¼ cs ¼ XsX ¼
X Xm
X
¼ 1 cm ð8Þcs and cm being the domain area fractions occupied by the stones and the mortar, respectively. Eqs. (7) and (8)
imply that the second order correlation function of the ﬁeld vs(x,y) is given by:Rð2Þvs x2  x1; y2  y1½  ¼ Sð2Þs ðx2  x1; y2  y1Þ½   c2s ð9Þ
while its variance is:r2vs ¼ E½v2s   E½vs
2 ¼ cs  c2s ¼ cscm ð10ÞAnother important simpliﬁcation is when the distance x2  x1 and/or y2  y1 tends to be very large. In fact, in
this case, the corresponding two variables tend to be independent and, as consequence:E½vsðx1; y1Þvsðx2; y2Þ  E½vsðx1; y1ÞE½vsðx2; y2Þ ¼ c2s ) r2vs ¼ 0 ð11a; bÞ2.1. Deterministic elastic moduli of constituents
Once that the stochastic ﬁeld vs(x,y) is known through its moments or its correlation functions, the corre-
sponding statistics of the elastic moduli Cij(x,y) can be obtained starting from Eq. (2). In particular, when the
moduli of the two constituent are deterministically deﬁned, the mean and the second order correlation are
given by:E½Cijðx; yÞ ¼ csCðsÞij þ cmCðmÞij ð12Þ
Rð2ÞCijCklðx2  x1; y2  y1Þ ¼ Rð2Þvs ðx2  x1; y2  y1Þ Csij  C
ðmÞ
ij
 
CðsÞkl  CðmÞkl
 
ð13ÞThe auto-correlation function of the component Cij of the stiﬀness matrix can be obtained by setting i  k,
j  l in Eq. (13), that is:
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ðsÞ
ij  CðmÞij
 2
ð14Þwhile the corresponding variance is:r2Cij ¼ r2vs C
ðsÞ
ij  CðmÞij
 2
¼ cscm CðsÞij  CðmÞij
 2
ð15Þ2.2. Stochastic elastic moduli
Now let us consider the case in which the moduli of the stones and the mortars are deﬁned as random vari-
ables, statistically independent of the stochastic ﬁeld vs(x,y) and characterized, for example, by the means
E CðsÞij
h i
and E CðmÞij
h i
and by the second order moments E CðaÞij C
ðbÞ
kl
h i
(with a = s, m; b = s, m). In this case it
is possible to evaluate the ﬁrst two statistics of C(x,y) in the form:E½Cijðx; yÞ ¼ csE CðsÞij
h i
þ cmE CðmÞij
h i
ð16Þ
E Cijðx1;y1ÞCklðx2;y2Þ
 ¼Sð2Þs ðx2x1;y2y1Þ½ E CðsÞij CðsÞkl
h i
þðcsSð2Þs x2x1;y2y1½ Þ
 E CðsÞij CðmÞkl
h i
þE CðmÞij CðsÞkl
h i 
þð12csþSð2Þs x2x1;y2y1½ ÞE CðmÞij CðmÞkl
h i
ð17ÞParticularizing Eq. (17) for i  k, j  l, the second order moment of the modulus Cij is obtained in the form:
E Cijðx1; y1ÞCijðx2; y2Þ
  ¼ Sð2Þs ðx2  x1; y2  y1Þ½ E CðsÞ2ij
h i
þ 2ðcs  Sð2Þs x2  x1; y2  y1½ ÞE CðsÞij CðmÞij
h i
þ ð1 2cs þ Sð2Þs x2  x1; y2  y1½ ÞE CðmÞ2ij
h i
ð18Þthat, evaluated for (x1,y1)  (x2,y2), gives:
E C2ij
h i
¼ csE CðsÞ2ij
h i
þ cmE CðmÞ2ij
h i
ð19ÞThe relationships reported in this section evidence that the stochastic characterization up to the second order
of the stiﬀness matrix of the masonry requires only the knowledge of cs and S
ð2Þ
s ðx2  x1; y2  y1Þ, besides of the
elements of C(s) and C(m). These last ones may be known deterministically or stochastically. In the last case
their mean and second order moments must be known.
As it will be seen in the next sections, cs and S
ð2Þ
s ðx2  x1; y2  y1Þ can be obtained by applying image pro-
cessing techniques to a digital image of the masonry structure under consideration. To this purpose the
assumptions of ergodicity and stochastic homogeneity of the geometry of the masonry portion represented
in the photo will be made.3. Digital image processing
An image can be deﬁned as a two-dimensional function f(x,y), where the amplitude of f at any pair of coor-
dinates (x,y) is the so-called intensity of the image at that point. When the coordinates and the amplitude val-
ues of f are all ﬁnite and discrete quantities, then the image is a so-called digital image and the composing ﬁnite
number of elements are called pixels. The total image size is then deﬁned in units of pixel. Each pixel, desig-
nated by (i, j), where i = 1, . . . ,Nx and j = 1, . . . ,Ny, represent integer coordinates in a 2D ﬁeld.
In the ﬁrst step a digital colour photo of the masonry panel is converted into a black and white image that
typically contains 256 shades of grey with values ranging from 0 (black) to 255 (white). If the phases of the
masonry are clearly delineated then they can be distinguished on the basis of grey scale levels.
Often the black and white photograph has most of its pixels clustered around central values of grey scale
determining a bad contrast. To improve the contrast in an image it is necessary to spread the intensity values
over the full range of the image, using a process called histogram equalization. This histogram provides most
Fig. 1. From colour to binary image.
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which each masonry constituent has to be distinguished by a particular grey level.
If the masonry of the panel under consideration is made by only one stone type, then the above cited
histogram equalization must be calibrated in order to generate a binary image, that can be considered as a
special kind of intensity image containing only black and white. Then, it is stored as two-dimensional array
of 0’s and 1’s.
In order to apply these digital image processing approaches, we implemented a software, working in
Matlab and called STONES (STochastic masONry ElementS), whose ﬁrst step deals with the generation of
a binary image starting from a digital colour image of a one type stone masonry. In Fig. 1 the graphical user
interface related to this ﬁrst operation is reported with reference to a masonry panel sample.
For more detailed information about the digital image processing the reader can be referred to Serra (1982).
4. Statistical descriptor evaluation
When the masonry structure is replaced by its binary image, a digital representation can be considered as a
discretization of the characteristic function vs(x,y), usually presented in terms of a Nx · Ny bitmap.
Replacing the point coordinates (x,y) by the pixel (i, j) located in the ith row and in the jth column of the
bitmap, then the characteristic function is deﬁned by the discrete values vs(i, j). As a consequence, the one-
point and two-point correlation functions may be estimated, under the assumptions of ergodic and statistically
homogeneous ﬁeld, by using the following relationships:Sð1Þs ¼
1
NxNy
XNx
i¼1
XNy
j¼1
vsði; jÞ ¼ cs ð20Þ
Sð2Þs ðm; nÞ ¼ Nx1Nx2
XiM
i¼imþ1
XiN
j¼inþ1
vsði; jÞvsð1þ ðiþ mÞ%Nx1 ; 1þ ðjþ nÞ%Nx2Þ ð21Þwhere m and n assume here the signiﬁcance of pixel distances between two generic points and % denotes mod-
ulo. Hence, coming back to the (x,y) coordinates, we can deﬁne the following correspondence:ðm; nÞ ) ðx2  x1; y2  y1Þ 8 ðx1; y1Þ; ðx2; y2Þ ð22Þ
Observe that the evaluation of the function Sð1Þs requires (Nx · Ny) operations, while (Nx · Ny)
2 operations are
needed for the function Sð2Þs ðm; nÞ. The computational complexity of this approach involves very lengthy cal-
culation, particularly for a large image (Gajdosˇı´k et al., 2006). In fact the double-sum of product of pairs of
pixels in Eq. (21) must be recalculated for each combination of (m,n) corresponding to all possible translation
of vs(i + m, j + n) respect to vs(i, j).
The required number of operation, however, can be reduced using two results of Fourier analysis: the cor-
relation theorem and the Fast Fourier Transform (FFT) (Bracewell, 1986). The Fourier correlation theorem
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transforms. That is, the correlation can be obtained by computing the transform of image, multiplying this
for its complex conjugate, and then computing the inverse transform of the product. The result is identical
to that obtained by the direct method. The FFT is an algorithm for rapidly computing the Fourier transform
of a discrete array that needs only (Nx · Ny)log(Nx · Ny) operations.
Then, the two-point correlation function Sð2Þs ðm; nÞ can be obtained from the relationSð2Þs ðm; nÞ ¼
1
Nx  Ny IFFT FFT vsði; jÞ½   FFT vsði; jÞ½ 
n o
ð23Þwhere FFT[Æ] and IFFT[Æ] stands for the direct and inverse Fourier transforms and ½ denotes the complex
conjugate.
Hence, the methods arising from the Fourier analysis of digitized media oﬀer another, computationally
more attractive, way to evaluate the desired statistics.
In Fig. 2 the binary image of the previous masonry sample and the corresponding Sð2Þs ðm; nÞ graph, evalu-
ated by STONES, are reported together with its horizontal and vertical sections. These functions display some
interesting characteristics. First, the value of Sð2Þs ðm; nÞ for m and n equal to zero is the domain area fraction cs
occupied by the stones ðSð2Þs ð0; 0Þ  E v2s
  ¼ csÞ. Second, these functions tend to assume the value c2s for large
m and n. This is due to the fact that, as said before in Section 3, vsðx1; y1Þ tends to be independent of vsðx2; y2Þ
when the distance between the points becomes very large. Obviously the velocity of convergence towards this
value increases by increasing the irregularity of the geometry.
If we are interested to other second order statistics, as the correlation function Rð2Þvs ðm; nÞ or the correlation
coeﬃcient qvsðm; nÞ, they can be easily obtained by the following relationships:Fig. 2. (a) Binary image. (b) Two-point correlation function. (c and d) Horizontal and vertical section.
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qvsðm; nÞ ¼
Rð2Þvs ðm; nÞ
r2vs
¼ S
ð2Þ
s ðm; nÞ  c2s
cs  c2s
ð25ÞAt this point, the ﬁrst two order statistics of the ﬁelds representing the elastic moduli of the random masonry
may be evaluated by using the relationships shown in Section 2.5. Analysis of masonry texture in the frequency domain
The Fourier Transform is an important image processing tool which is used to decompose an image into its
sine and cosine components. The output of transformation represents the image in the frequency domain, while
the input image is the equivalent spatial domain. In the Fourier domain image, each point represents a partic-
ular frequency contained in the spatial domain image (Gonzalez and Woods, 1993). In a wide range of appli-
cations the general concept of frequency is used and it represents the number of times that a periodic function
repeats the same sequence of values during a unit variation of the independent variable. A related term used in
this context is spatial frequency, which refers to the periodicity with which the image intensity values change.
Image features with high spatial frequency (such as edges) are those that change greatly in intensity over short
distances.
As we are only concerned with digital image, we use the Discrete Fourier Transform that for a square image
of size (Nx · Ny) is given by:F ðu; vÞ ¼ 1
Nx  Ny
XNx
x¼1
XNy
y¼1
vðx; yÞ  ei2p
ux
Nx
þ vy
Ny
 
ð26Þwhere v(x,y) is the image in the spatial domain and i represents
ﬃﬃﬃﬃﬃﬃ1p . The frequency variables u and v are the
inverse dimension of a distance and are often called wave numbers. The number of frequencies corresponds to
the number of pixels in the spatial domain image, i.e. the image in the spatial and Fourier domain is of the
same size.
In general, we see from Eq. (26) that the components of Fourier transform are complex quantities. In the
analysis of complex numbers it is convenient to express F(u,v) in polar coordinates:F ðu; vÞ ¼ Mðu; vÞ  ei/ðu;vÞ ð27Þ
whereMðu; vÞ ¼ jF ðu; vÞj ¼ Reðu; vÞ þ Imðu; vÞ½ 1=2 ð28Þ
is called magnitude or spectrum of the Fourier transform, and/ðu; vÞ ¼ tan1 Imðu; vÞ
Reðu; vÞ
 	
ð29Þis called the phase angle or phase spectrum of the transform. In Eq. (28) Re(u,v) and Im(u,v) are the real part
and imaginary parts of F(u,v), respectively.
In image processing often only the magnitude is displayed, as it contains most of the information of the
geometric structure of the spatial domain image. The Fourier spectrum is useful for describing the direction-
ality of periodic or almost periodic 2D patterns in an image. These global texture patterns are easily distin-
guishable as concentration of high-energy burst in the spectrum. Hence, we consider two features in plot of
the magnitude M(u,v) that are useful for the texture description of same masonry panels: (a) prominent peaks
in the spectrum give the principal direction of the texture patterns; (b) the location of the peaks in the fre-
quency plane gives the fundamental spatial period of the patterns.
Fig. 3 illustrates the use of Eqs. (28) and (29) for the global texture description of masonry panel with peri-
odic texture. The magnitude (Fig. 3b and d) of the two-dimensional Fourier transform is represented with low
Fig. 3. (a) Sample of masonry panel with regular periodic texture. (b) Fourier spectrum of (a). (c) Phase spectrum of (a). (d) Particular of
Fourier spectrum in 3D representation.
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slowest varying frequency components (u = v = 0) corresponds to the average grey level of the image, that is:F ð0; 0Þ ¼ 1
Nx  Ny
XNx
x¼1
XNy
y¼1
vðx; yÞ ð30ÞIt is displayed in the centre of the image, as the spectrum is symmetric about the origin. Then every periodic
pattern is associated with only one peak. Looking particular in Fig. 3d we can see prominent components in
horizontal and vertical direction, which correspond to two principal periodic textures. In the vertical direction
we can observe a single stripe of peaks with higher values than those in the horizontal direction, which conﬁrm
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texture that have the same values of magnitude but are shifted.
Other examples of analysis of periodic patterns are pointed out in the next section.6. Examples
In this section the results of the applications of our software, STONES (STOchastic masoNry ElementS), to
some masonry panel samples are showed.
In a ﬁrst stage, STONES was applied to a chaotic masonry panel that is a masonry wall in which the blocks
of stone have diﬀerent dimensions and various shapes and their arrangement is disordered. Fig. 4 shows the
window of STONES for this masonry sample. The full image measures 120 · 120 pixels. In the binary repre-
sentation wherein white areas represent the stones, while black areas represent the mortar matrix. The value of
cs is reported in the window. For this sample it is cs  0.7; this means that the domain area fraction occupied
by the stones is nearly 70% of the total domain. In the same window the graph of the two-points correlation
function Sð2Þs ðm; nÞ and its horizontal and vertical sections are reported. It can be observed that Sð2Þs ðm; nÞ is
almost radial symmetric, then the panel is almost stochastically isotropic. We can observe (Fig. 5) that in a
sample of ‘‘chaotic’’ masonry the values of Fourier spectrum are closed around the centre and there is not
any principal direction that evidences a regular texture how can be seen looking geometric structure of this
sample in the three-dimensional domain image.
Fig. 6 represents the STONES window related to the second sample here reported. We analysed a digital
image (200 · 200 pixels) of a masonry panel made up of rectangular stones with various dimensions height,
while the thickness of mortar joints is almost constant. The panel shows almost continuous mortar beds, while
the vertical joints are very irregular. The behaviour of the function Sð2Þs ðm; nÞ, and, in particular, of its vertical
and horizontal sections, remarks these characteristics. In fact, the ﬁrst one shows many peaks correspondingFig. 4. Example of ‘‘chaotic’’ masonry.
Fig. 5. Sample ‘‘chaotic’’ masonry and its Fourier spectrum.
Fig. 6. Example of masonry with ‘‘irregular’’ dimension of blocks.
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Fig. 7. Example of ‘‘quasi-periodic’’ masonry.
Fig. 8. Sample of ‘‘quasi-periodic’’ masonry and its Fourier spectrum.
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horizontal dimension of the blocks.
At last, Fig. 7 illustrates the results obtained by STONES for a sample of quasi-periodic masonry. This is
characterized by the presence of continuous almost horizontal mortar bed and by more irregular vertical
joints. These characteristics are evidenced by the Sð2Þs ðm; nÞ graph and, in particular, by its section. In fact,
the vertical one shows evident peaks of the same amplitude, while the horizontal one evidences a smoother
behaviour. From analysis in the Fourier domain (Fig. 8) we can see that the image contains components of
all frequencies, but their magnitude gets smaller for high frequencies. Hence, low frequencies contain more
information than the higher ones. The transform image tell us that there are two dominating direction, one
passing vertically and one passing horizontally through the centre. However, in the vertical direction we
can observe most regularity than in the horizontal direction, due to the regular height of blocks and the homo-
geneous thick of mortar.
7. Conclusions
A procedure for the stochastic characterization of the elastic moduli of plane irregular masonry
structures has been presented. It works in the ﬁeld of composite materials by considering the masonry
as a mixture of stones (or bricks) and mortar. Once that the elastic properties of the single constitu-
ents are known (deterministically or stochastically), the deﬁnition of the overall elastic properties
requires information about the geometric distribution of the various components. For irregular
masonry structure this information can be given only through the characterization of the geometry ran-
dom ﬁeld. At this purpose, a Matlab software has been implemented that, starting from a colour dig-
ital photo of the masonry under consideration, gives the statistics of corresponding geometry. At last,
through the theory of random composites, it is possible to obtain the elastic moduli statistics. Up now,
only two-phase irregular panels have been considered. This means that they are composed by one type
stones, besides of the mortar. However, the extension to more numerous components appears to be
straightforward.
The deﬁnition of the stochastic properties of masonry structures may be very useful both for the application
of the stochastic homogenization techniques and for the direct stochastic analysis of the structures, through,
for example, the use of the Stochastic Finite Element techniques. The opinion of these authors is that the sec-
ond application is the most interesting and one of their future goal will be the coupling of the software here
presented with a Stochastic Finite Element technique.
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